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Introduction 

Nahm transform is an involutive integral transformation in the theory 
of 4-manifolds. Its most standard version applies to solutions of the 
anti-self-dual (ASD) Yang-Mills equations on a vector bundle over R 4 , 
invariant under a closed additive subgroup, and with finite energy on the 
quotient. It maps such a solution to a solution of the ASD equations on 
the dual vector space (R 4 )*, invariant with respect to the dual subgroup. 
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When the first subgroup is R 2 , invariant solutions of the ASD equa- 
tions are holomorphic connections on C together with a harmonic metric 
(see [3]). Nahm transformation is then a map 

{Integrable connections on CP 1 } — > {Integrable connections on CP } 

where we have denoted by CP the dual complex projective line. In [8], 
we described this transform for holomorphic connections with a harmonic 
metric on the Riemann sphere CP 1 with a finite number of regular singu- 
larities in C, and an irregular singularity of Poincare rank 1 at infinity, 
and endowed with a parabolic structure at all singular points. It is a 
general feature of Nahm transformation that it induces a hyper-Kahler 
isomorphism between moduli spaces. However, it is in general defined 
using L 2 -cohomology, hence this property is not obvious. The aim of 
this paper is to give an algebraic interpretation of Nahm transform in 
the de Rham setup. An immediate consequence is that Nahm transform 
commutes with the complex structures of the de Rham theories on the 
moduli spaces of stable integrable connections on CP and CP . On 
the other hand, an algebraic interpretation of the transform in terms of 
Dolbeault theory was already given in [5]; hence, this work gives a de 
Rham analog of some of the results contained there. 

The algebraic interpretation of the transform is as follows. It is well- 
known that the category of holomorphic connections is equivalent to that 
of holonomic ©-modules of finite rank, and this equivalence is compatible 
with parabolic structures. On the other hand, there exists a so-called 
minimal (Fourier-) Laplace transform for D-modules without a parabolic 
structure (see e.g. [4]). Claude Sabbah extended in [5] this construction 
to the case with parabolic structure at the singularities. We shall review 
this extension in Section [2] He also asked whether Nahm transform and 
parabolic minimal Laplace transform agree under the above-mentioned 
equivalence of categories. Our main result is an affirmative answer to 
this question (see Theorem 14. 2 1) . 

Acknowledgments. - I would like to express my gratitude to Claude 
Sabbah for drawing my attention to this question, and for his useful 
remarks during the preparation of this paper. Part of this work was done 
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would like to thank for the hospitality and excellent working conditions. 
I finished this paper while I was staying at the Alfed Renyi Institute 
of Mathematics in Budapest, that I wish to thank for the scholarship 
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1. Nahm transform for parabolic connections 

We briefly explain the first transform. Let C denote the complex 
line with its canonical holomorphic coordinate x = x\ + 1x2 (denoted z 
in [8]), and CP 1 stand for its one-point compactification, the Riemann 
sphere. The point at infinity will be denoted 00. Let E be a holomorphic 
vector bundle of rank r on CP 1 , whose underlying C°° vector bundle and 
holomorphic structure will be denoted by C°°(E) and d E respectively. Let 
P — {Pij ■ ■ ■ iVn} be a fixed finite set in C, the singular locus at finite 
distance. Let O and fi 1 stand for the sheaf of holomorphic functions and 
holomorphic 1-forms on CP 1 respectively. We will denote by f2 1 (*P U 
{00}) the sheaf of meromorphic 1-forms with poles of arbitrary order 
in the points of P and at infinity, and no other poles. Let V be a 
meromorphic connection on E with poles in P U {00}: 

V : E — >Q 1 (*Pl) {00}) ® E. 

We suppose that V is logarithmic in the points of P, i.e. in a local 
holomorphic trivialization of E near a point pj G P, it can be written 

d + M j dx 

with M 3 a matrix whose coefficients have at most a simple pole. We also 
suppose that the residue of V in all pj is semi-simple, and hence in a 
suitable trivialization it can be written 



d + A 3 h holomorphic terms, 

x — Pj 
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where is a diagonal matrix 



/0 



\ 



(1) 








V 



V 



with \i k ^ for Tj < k < r. Let E be endowed with a parabolic structure 
in P: this means that there exists a decreasing exhaustive filtration E' 
of indexed by a finite set of [0, 1[, compatible with the residue in 
the sense that all E@ is generated by the first k elements of the above 
diagonalizing trivialization of A\ for a suitable k = k(/3) between and 
r. The numbers fl J k G [0, 1[ such that the graded pieces gi^E'. of the 
filtration are non-trivial are called parabolic weights. 

Remark 1.1. — The parabolic structure is supposed to code the be- 
havior near pj of a harmonic metric; namely, for a holomorphic section 
a extending a vector e 7^ of gr^E'. , we require that the metric has the 
asymptotic behavior 



where the left-hand-side is the norm of a with respect to the metric, |e| 
is some real number, and ~ means that the quotient of the two sides 
converges to 1 In fact, one can define the notion of parabolic 

structure for connections with arbitrary logarithmic singularities at fi- 
nite distance (not necessarily semi-simple ones), and Nahm transform 
probably carries through to this setup too. In this case, we also need 
to consider the weight filtration of the nilpotent part of the residue on 
E Pj , and the harmonic metrics we are interested in have a more refined 
behavior 

|er| ~ \e\ \x — p^ log(|x — Pj\) w , 

where w is the weight of e in the weight filtration (see [7]). However, in 
this paper we will stick to the semi-simple case. 



a 



e\\x — pj 
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Definition 1.2. - - We say that the parabolic structure is admissible if 
gr°E*^ is equal to the eigenspace of the residue for the O-eigenvalue (or 
both vector spaces are 0). 

Remark 1.3. — The construction of Nahm transform relies heavily on 
this notion: without assuming admissibility, we lose the information on 
the parabolic structure on the 0-eigenspace, and we cannot recover it 
after applying Nahm transform twice; in other words, the transform is 
no longer invertible. 

The behavior of the singularity at infinity is supposed to be of Poincare 
rank 1, with diagonalizable polar part: in a suitable trivialization of E 
near oo, it can be written 

d + M°°dx, 

where M°° is a holomorphic matrix, and such that 



(2) 
Here 



AT 



A C 

A+-. 

x 



/6 



A 



and 



C 



\ 



\ 



are constant diagonal matrices, the eigenvalue £/ of A being displayed 
on the successive places 1 + a/, . . . , a i+ / of the diagonal. Finally, we 
suppose given a parabolic structure in this singularity too: this is again 
a decreasing exhaustive filtration of Eoo indexed by a finite set of 
[0, 1[ (the parabolic weights at infinity), compatible with the polar 
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part of the connection. Again, the parabolic structure is supposed to 
code the behavior of a harmonic metric near infinity: a holomorphic 
section a extending a non-zero vector in gr^fe° E^ is required to have the 
asymptotics 

(3) \a\ « \x\~^ 

up to a constant multiple. 

The following notion will be crucial for several statements in our paper. 

Definition 1.4- - - We say that the connection is resonance-free if the 
following conditions hold: 

1 . for all Pj G P and rj<k<r one has p? k ^ Z 

2. for all 1 < k < r, one has ^ Z. 

As usual, we call parabolic degree of (E, V) the real number 

(4) par-deg(£) = deg(E) + ^ ft, 

jePu{oo},fce{i,...,r} 

and parabolic slope the number 

(5) par-slW = ?^p. 

Moreover, we say that (E, V) is (parabolically) stable if any V-invariant 
holomorphic sub-bundle F, endowed with the induced parabolic struc- 
ture, satisfies 

(6) par-sl(F) < par-sl(E). 
Important for our arguments is the following: 

Theorem 1.5 (C.Sabbah, O.Biquard-Ph.Boalch) 

If (E, V) is a parabolically stable holomorphic connection on a punc- 
tured compact curve with arbitrary diagonalizable polar parts, then there 
exists a unique harmonic metric (up to multiplication by a constant) be- 
having as required in Remark \l.l\ and in |3j]. 

A harmonic metric is one that satisfies a certain second-order non- 
linear partial differential equation that we do not give here, see e.g. [3] 
or 0. 
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From now on, we will suppose that (E, V) is a stable, resonance-free 
meromorphic connection on CP 1 having regular singularities with semi- 
simple residues in P, sua irregular singularity of Poincare rank 1 at infinity 
with diagonalizable polar part, and endowed with an admissible parabolic 
structure in all singularities. 

Denote by C the dual complex line of C, and by CP the one-point 
compactification of C. Given (E, V) as above, we define in [8] a holo- 

morphic bundle E on CP and a meromorphic connection V with semi- 
simple regular singularities in the points P = {£i, . . . , £ n /}, and an irreg- 
ular singularity of Poincare rank 1 at infinity with diagonalizable polar 
part, called the Nahm transform of (E, V), with an admissible parabolic 
structure in all singularities. In what follows, we outline its construction. 
First, consider the differential-geometric flat connection 

D = d E + V : C°°{E) — ► Q 1 ® C a„ C°°{E), 

where f2 p stands for smooth p-forms. Let now £ G C — P be a parameter 
and twist D by the formula 

D( = D- £dx. 
Consider the elliptic differential complex 

(7) tt° ® E tt 1 ® E tt 2 ® E. 

It is possible to show that the 0-th and 2-nd L 2 -cohomologies of this 
complex vanish for all £, and that its 1-st L 2 -cohomology L 2 H 1 (D^) is 
a finite-dimensional vector space, whose dimension is independent of £. 
We let the fiber of C°°(E) over the point £ be L 2 H l (D^). As £ varies, by 
the implicit function theorem in Hilbert space, these finite-dimensional 
subspaces of L 2 {Vl} ®E) define a smooth vector bundle E over C — P. It 
inherits a holomorphic structure from the trivial holomorphic structure 
d ' 1 on the trivial Hilbert bundle L 2 (Vt l ®E), and a holomorphic connec- 
tion V from d 1 ' — xd£. The fiber Eg also has an interpretation as the 
L 2 -kernel of the Laplace operator 



(8) 



Ag = DgD*g + Dpg, 
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where D| is the adjoint of the connection operator with respect to the 
harmonic metric; in other words as the space of L 2 harmonic 1-forms. 
The L 2 -norm of such a 1-form defines a Hermitian metric on the fiber 
and these fiber metrics vary smoothly with £ over C — P. This metric 
is called the transformed metric, and one can prove that if the original 
parabolic structure is admissible, then h induces an admissible parabolic 
structure on E in the points of P U oo. Furthermore, one can prove that 
if the original metric h is harmonic, then the same thing holds for h. In 
particular, if the original connection (E, V) is stable, then so is (E,V). 
Finally, we obtain an explicit description of the singularity behavior of V 
in the singular set; in particular, we can show that if V is resonance-free, 
then so is V. 



2. Laplace transform without parabolic structure 

In this section, we recall the classical notions of a module over the 
Weyl-algebra and its Laplace-transform. 

Let C[x]{d x ) denote the Weyl algebra in the variable x: this is the 
algebra of polynomial differential operators over C, generated by the 
formal variables x and d x and the relation [x, d x ] = —1. Let M be a left 
C[x](9 a; )-module; this means that we have an action of x and d x on the 
elements of M, satisfying 



In what follows, when we speak of module, we will always mean left- 
module, unless the contrary is stated explicitly Let £ be another variable. 
Then there exists an isomorphism between the Weyl algebras C[x]{d x ) 



x ■ (d x • m) — d x ■ (x • m) 



= —m. 



andC[£]<%>: 



C[x]{d x ) 



(9) 
(10) 
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A C [a;] (<9 X ) -module M automatically becomes a C[£] (d^) -module via this 
isomorphism; we denote this resulting module M, and call it the Laplace- 
transform of M. In the same way, a C[£](c^) -module N becomes auto- 
matically a C[x] (c^-module, denoted N and called the inverse Laplace- 
transform of N. These operations are clearly inverses of each other. 

2.1. Interpretation as a cokernel. — It is well-known that Laplace 
transform has an interpretation as a cokernel (see [2] Lemma 7.1.4). We 
recall this interpretation here. Denote by 

C[x,Z](d x ,dt) 

the Weyl-algebra in the variables x and £, i.e. the algebra over C gener- 
ated by the variables x,^,d x ,d^ and relations 

[x,d x ] = -1 

Let the variables £, <9g act trivially on M; this induces a C[x,^]{d x ,d^)- 
module 

M = M® C C[(] 

with x, d x acting on M and £, acting on C[£] in the natural way. Then 
the kernel of the map 

vanishes, and its cokernel is bijective with M as a set. Moreover, the 
cokernel inherits the structure of a C[£] (<9g)-module from M: the action 
of d£ is induced by the operator d x + — x — £ on M. Notice that the 
action of d% on the cokernel is then induced by the action of — x on M 
too, for d x — £ clearly acts trivially on its own cokernel. Therefore, for 
any m e M, d% applied to the class of the element m ® 1 in coker(d x — £) 
is (d% — x) ■ (m <8> 1) = — x ■ m, so the action of on the cokernel is equal 
to the action of — x on M. Similarly, the class of m® 1 in coker(d x — ^) is 
annihilated by d x — £, so the action of £ on the cokernel is by d x . Hence, 
we get the transformation given by ( CTTUl) . 
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3. Meromorphic connections and D-modules 

In this section we give the link between the objects studied in the 
previous sections. Let (E,V) be a holomorphic bundle endowed with 
a meromorphic integrable connection on CP 1 , with arbitrary poles in 
PU{oo}. Denote by E(*PU{oo}) the meromorphic bundle E®qO(*PU 
{oo}) with (arbitrary) poles in PU{oo}. By definition, V acts on E(*PU 
{oo}). Denote by T> CP i the sheaf of holomorphic differential operators on 
CP 1 : it is the sheaf whose local sections are of the form ^ ai(t)dl, with 
t a local holomorphic coordinate and cij holomorphic functions. E(*P U 
{oo}) then becomes a T> CP i -module in the usual way: a holomorphic 
function a(t) acting by multiplication, and d t acting by Vg/at- This 
Pcpi-module is called the meromorphic bundle associated to (E, V), 
denoted A4. It has the following properties: 

1. It is a holonomic module, i.e. any local section is annihilated by a 
local differential operator. 

2. It has only regular singularities at finite distance, and an irregular 
singularity of Poincare rank 1 at infinity. 

Here is a fundamental notion that will underlie our construction: 

Definition 3.1. — The X? CP i-module M is said to be an extension of 
M. if the meromorphic bundle C CP i(*P U {oo}) ®e> cpl M induced by 
M is equal to M.. An extension M is called minimal if it admits no 
submodule or quotient module supported in a point. 

A minimal extension always exists, and in our case it is unique up to 
isomorphism by Lemma |33| it will usually be denoted by M. m in- 

3.1. Regular singularities. — We will now recall the local structure 
of holonomic D CP i -modules with parabolic structure in the case of a 
regular singularity. In this section, we fix a p G P, a small disk AcC 
centered at p and containing no other element of P, and we suppose that 
the P CP i-module M. has a regular singularity in p. O and T> will stand 
for Oa and "Da respectively. 

Definition 3.2. — A lattice of the P-module A4\a is a coherent O- 
module F such that F ® a 0(*{p}) = M\ A - 
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If a lattice is chosen for A4, then there is a well-defined residue map 
of V: 

Res(V) : F\ p — ► F\ p 

induced by the action of xd x . Modifying F by a ®0{k{p\) amounts 
to adding —k to all eigenvalues of Res(V). By Deligne's theorem, it is 
possible to choose a lattice F such that V be a logarithmic connection 
with respect to F and all eigenvalues of Res(V) lie in the interval ] — 1, 0]. 
Hence, we obtain a finite set Stj of complex numbers with real part in 
] — 1,0], such that %j + Z is the set of eigenvalues of the residue of 
V on the various logarithmic lattices of M.. For a G %j and m G Z, 
the generalized eigenspaces of Res(V) corresponding to the eigenvalues 
a and a + m on the corresponding lattices are isomorphic through the 
(possibly meromorphic) gauge transformation (x — p) m . For any a G 
QLj + Z, let ippA4 stand for the generalized eigenspace of Res(V) on the 
corresponding lattice. In other words, there exists an isomorphism 

(x - p) m : i/>$M — > ^ +m M. 

The assumption that the parabolic structure in p is compatible with the 
connection means precisely that for all eigenvalues fi J k of it defines 

a decreasing exhaustive filtration ip p ^ M. indexed by (3 G [0, 1[. These 
filtrations then extend to filtrations indexed by real numbers in an in- 
terval of length 1 ipp'* for any a G %j + Z by declaring that the above 
isomorphisms restrict to filtered isomorphisms 

(11) (x -p) m : — ► ^ +m ^ +m M. 

The set of the filtrations ipp'' satisfying the isomorphisms (TTTT) is called 
the parabolic filtration of the T>- module Ai. 

Remark 3.3. — By admissibility of the parabolic structure of E and 
because V is resonance-free, the filtration ip®'* is the canonical filtration 
(i.e. grV°'' = <)- 

We now come to the study of the minimal extension M. min of M.. By 
general theory, for any a such that 9ft(a) > — 1 there is an isomorphism 
between ip^M and ippM. m in- The same thing holds for 9ft(a) < — 1 if 
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a Z. All the difference between M. and M. m %n is in the space ijj 1 . For 
any ©-module Af with regular singularities, d x and x induce maps 

can : i/j°Af — > var : ^ W — ► ^ 

respectively. It can be shown that Af is a minimal extension if and only 
if can is surjective and var is injective. 

Lemma 3-4- - - Under the assumptions on V, the space ^~ x M. m in van- 
ishes. 

Proof. - - We have var o can = xd x , the residue of V on ip^M. m in — 
ippA4. Since V is resonance-free, this latter space is equal to the gener- 
alized eigenspace of V corresponding to the O-eigenvalue. Because the 
residue is supposed to be semi-simple, its action on its O-generalized 
eigenspace is trivial. It follows that var o can = 0, in other words 
Im(can ) C ker(var ). On the other hand, since A4 min is a minimal ex- 
tension, ker(var ) = {0} and Im(can ) = ipp^Mmin, and the lemma is 
proved. □ 

Lemma 3.5. - - Under the assumptions on V, the minimal extension 
of M. is unique up to isomorphism. 

Proof. — By the previous lemma, the minimal extension has the fol- 
lowing universal property: for any extension Af of M. there exists an 
inclusion A4 min — > Af. Indeed, it comes from the obvious inclusion 

% l M mm = {0} — > ^Af, 

which is clearly compatible with can and var . Suppose now that A4 m i n 
and A4' min are two minimal extensions. Then, there exists an inclusion 
A4 min — > A4' min , which is an isomorphism away from p, because both 
"D-modules are extensions of the same holomorphic bundle. The kernel 
(cokernel) of this map is therefore a submodule of A4 m i n (a quotient 
module of A4' min ) supported in p. By minimality of A4 m i n (■M-' min ) : the 
kernel (cokernel) of the map vanishes. □ 

For any a E 2t, U{— 1}, the isomorphisms tp^M ~ i>pM m in for a 7^ —1 
and ip~ l AA. m in = together with the parabolic filtrations of M induce 
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filtrations on the ippM m i n - The set of these nitrations is called the 
parabolic filtration of the minimal extension module. 

Remark 3.6. — The data of the filtration on ip~ l Ai m in is i n our case 
clearly superfluous; however, in the general case it has to be included in 
the data of a parabolic filtration, see [5]. 

Finally, let us give the admissibility condition of the parabolic structure 
in terms of the meromorphic connection. By resonance-freeness of V, the 
space ippM is isomorphic to the O-eigenspace of V. Then admissibility of 
the parabolic structure means that restricted to ip^M. it is the canonical 
structure, and moreover for any a ^ Z, is not a weight for ip^Ad. 

3.2. Irregular singularity. — Here — although it could be possible 
to work in a more general framework, — we restrict to the special case of 
a Poincare rank 1 irregular singularity with diagonalizable polar part, as 
described in Section [H 

Let us take a trivialization of the bundle E near infinity in which it 
is of the form ([2]). Then, the germ of connection V — Adz has regular 
singularity. Denote by i/}^ the generalized eigenspace corresponding to 
the eigenvalue fi of this connection. The germ of connection V — Adz 
decomposes as direct sum of the n' germs of connections with regular 
singularity d + C\dzjz for I = 1, ...,n' where Ci is the diagonal ma- 
trix diag(fif^ ai , . . . , fi™ +t ) of size a\ + i — a\. Since V is supposed to be 
resonance-free at infinity, none of the can be an integer. 

Definition 3.7. — A parabolic structure at infinity is the data of 
parabolic structures for all of the regular singularities d + C\dzjz for 
I = 1, . . . ,n'. The parabolic structure at infinity is said to be admissible 
if all the parabolic structures of the d + C\dzj z are admissible. 

Remark 3.8. — If the connection is supposed to be resonance-free at 
infinity, then admissibility is equivalent to the condition that is not a 
parabolic weight at infinity. 

As in the regular case, the parabolic structure on the meromorphic 
bundle induces a parabolic structure on the minimal extension. 
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3.3. Stability. — Once a parabolic structure of a "D-module M. in all 
singularities (including infinity) is given, it is possible to define its degree: 

deg(M) = - Yl Yl adim(gr /3 Vp^W), 

pePu{oo}/3e[o,i[a G 3 P +z 

and its parabolic degree: 

par-deg(.M) = deg(M) + ^ (3 dim(gr^M). 

P ePu{oo}/3e[o,i[ 

Finally, as usual, we define the (parabolic) slope of M. as the quotient 
of its parabolic degree and its rank. This then allows us to define the 
notion of stability: 

Definition 3.9. — A "D-module M. endowed with a parabolic structure 
is said to be parabolically stable if all nontrivial submodules M have slope 
smaller than M.. 

Here M is endowed with the induced parabolic filtration: 

^Pjsf = M p n^M. 

4. Minimal parabolic Laplace transform 

Since M. is the meromorphic bundle associated to a meromorphic con- 
nection on a holomorphic bundle, and M. m in its minimal extension, they 
are both modules over the sheaf P CP i(*oo) of meromorphic differential 
operators with a pole at infinity. For M. this is clear, and for Ai m i n 
it follows because it only differs from M. in P U {oo}, and in such a 
way that in every singularity the action of d x is onto the fiber of M. m %n- 
The global sections of "D CP i(*oo) form the Weyl algebra C[x](d x ), there- 
fore the sets M and M m i„ respectively of global sections on CP 1 of A4 
and M-min admit a C[x](d x ) -module structure. A parabolic structure 
of a C[x] (cQ-module is defined to be a parabolic structure of the cor- 
responding T> CP i -module obtained by localization. It is clear that if a 
parabolic C [x] (d x ) -module is the (globalisation of the) minimal ex- 
tension of two parabolic meromorphic bundles M\ and M.2, then Mi is 
parabolically isomorphic to M 2 . Therefore, it is meaningful to define a 
minimal extension C[a;]((9 x )-module M min to be stable by the condition 
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that the underlying meromorphic bundle is stable. Similarly, M min is 
said to be of parabolic degree if the underlying meromorphic bundle is 
of parabolic degree 0. 

Let us introduce the following categories: 

— HP(C), whose objects are holomorphic bundles with meromorphic 
connection (E, V) over CP 1 , with resonance-free semi-simple loga- 
rithmic singularities in P, and a resonance-free irregular singularity 
of rank 1 at infinity with diagonalizable polar part, endowed with 
an admissible parabolic structure in all singular points 

— DMP(C), whose objects are holonomic P CP i-modules with the 
same type of singularities as HP(C), with an admissible parabolic 
structure in all singular points 

— WMP(C), whose objects are holonomic C[x](d x ) -modules with the 
same type of singularities as HP(C), with an admissible parabolic 
structure in all singular points 

Morphisms in HP(C) are holomorphic bundle maps compatible with con- 
nections and parabolic structure; in DMP(C), maps of D-modules com- 
patible with parabolic structure; and in WMP(C), maps of C[x](d x )- 
modules compatible with parabolic structure. Let us also introduce the 
sub-categories HPjf (C), DMPg'(C) and WMPjf (C) of stable objects of 
parabolic degree 0. 

There exists a functor "minimal extension" from DMP(C) to WMP(C) 

min. ext. : M. — > M min , 

which restricts by definition to a functor from DMPg*(C) to WMPq*(C). 
On the other hand, there exists a functor "localization away from the 
singularities" from WMP(C) to DMP(C). By definition, this maps a 
C[x](9 x )-module to the extension of its localization as a meromorphic 
bundle. It can be shown that these two functors are quasi-inverses of each 
other. Furthermore, by results of C. Simpson [7j and O. Biquard and 
Ph. Boalch pQ, there exists also an equivalence between the categories 
HPjf(C) and DMPjf (C). 

In Section [2] we defined Laplace transform M for a C[x] (d x ) -module 
M. 



16 



SZILARD SZABO 



Definition ^..1. — The minimal Laplace transform of a meromorphic 
bundle M. with connection is the meromorphic bundle Ai obtained by 
applying localization to the C[£](<9,t) -module M min . 

In other words, minimal Laplace transform for meromorphic bundles 
with connection is defined by requiring that the square 



DMP^(C 



min. ext 



minimal Laplace 

) dmp^ (c) 

inverse minimal Laplace / V 



loc. 



i / 

WMPg'(C) 



min. ext. 



Laplace 



loc. 



inverse Laplace 



WMPg*(C) 



commute. 



4.1. Parabolic transform. — The transform defined above is com- 
patible with admissible parabolic structures: if an admissible parabolic 
structure is given on Ai, then we can define one on its minimal Laplace 
transform M. by the following construction. 

1. In regular singularities: these are the eigenvalues {£i, . . . £ n '} of A, 
and by formal stationary phasis (Prop. V.3.6, [6]), for all a ^ Z 
there exists a formal isomorphism 

n< 

i=i 

where we recall that is the generalized eigenspace corresponding 
to the eigenvalue a of the "regular part" V — Adz of the connection 
at infinity. The parabolic filtration on the left hand side therefore 
defines one on the right-hand side. Finally, on the O-eigenspaces of 
the residue in £ z , we put the canonical parabolic structure. 
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2. At infinity: similarly to the regular case, formal stationary phasis 
applied to the inverse Laplace transform, for all a Z there exists 
a formal isomorphism 

n 

i=i 

and the parabolic nitrations on the direct summands on the right- 
hand side induce a parabolic filtration on the space on the left-hand 
side. 

We are ready to state our main result. 
Theorem Jf.,2. — The diagram of functors 

Nahm 

HPtiC) HFf(C) 
I \ inverse Nahm I >■ 



1 1 minimal Laplace \j 

DMF%\C) DMFf(C) 
inverse minimal Laplace 

commutes. 

Remark 4-3. — The coincidence at the level of ranks follows by com- 
paring the rank formulae for Laplace (Proposition V.1.5. of [4]) and 
Nahm transforms (formula (1.10) of [8J). 



5. Proof — outline 

First, for any £ G CP set 

V c = V - £cb, 

and call this operator the twisted integrable connection. The first ingre- 
dient of the proof is an identification of the L 2 -cohomology L 2 H l (D^) of 
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(|7j) with a hypercohomology. Concretely, denote the sheaf of holomor- 
phic sections of the vector bundle E also by E, and let F be the sheaf 
over CP 1 whose local sections are meromorphic sections of E <g> Q 1 with 
at most a double pole at infinity and at most a simple pole in the points 
of P, such that the residue in a point pj G P be in Im(A^). We then 
have a sheaf map 

(12) Vg : E — > F. 

For any sheaf complex C on CP 1 , write H m (C) for its hypercohomology 
of degree m. Recall that we denote by P the set {£1, . . . , of regular 
singularities of the transformed object. For j = 1, 2, denote by ttj pro- 
jection to the j-th factor in the product CP 1 x CP . Recall (Section [T]) 
that Nahm transform of a holomorphic bundle (E, V) with meromorphic 
connection on CP 1 is a holomorphic bundle (E, V) with meromorphic 

connection on CP . It admits an extension as a meromorphic bundle in 
the singular locus P U oo. On the other hand, the holomorphic bundle of 

first hypercohomologies H 1 (£' — U F) on C \ P also admits a holomor- 
phic extension to CP : it is defined as the sections whose value in is 

in the finite-dimensional vector space H 1 (i? — ^> F). In particular, this 
holomorphic extension also induces a meromorphic extension. First, we 
show: 

Proposition 5.1. - - For £ G C \ P , the vector spaces E^ = L 2 H l {D^) 

andU 1 (E — U F) have the same dimension. The corresponding holomor- 
phic bundles overC\P are isomorphic. Finally, the natural meromorphic 
extensions to CP are also isomorphic. 

The next step is: 

Proposition 5.2. - - The first hypercohomology H (E — > F) is iso- 
morphic to the fiber (M m j n )^ of the minimal Laplace transform in £. The 
corresponding holomorphic bundles over C\ P are isomorphic. Finally, 
the natural meromorphic extensions over CP are also isomorphic. 

These two propositions together imply that the underlying meromor- 
phic bundles of the two transforms are isomorphic. 
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We also get a description of V in terms of hypercohomology. On 

1 ' — - 1 

the pullback bundle it\E over CP x CP , introduce the connection V, 
relative to CP whose restriction to the fiber CP 1 x {£} is 7r*V — ^dx. 
According to Proposition 15.11 the fibers of the holomorphic bundle E 
over C \ P are isomorphic to the global cokernel spaces on CP 1 of the 
map 

(13) V. : ir{E — ► tt*F. 

Denote by d the trivial holomorphic structure relative to CP 1 on -n\F. 

Proposition 5.3. - - The transformed holomorphic integrable connec- 
tion V over C \ P is the quotient by [T3\) of the connection d — xd^ 
relative to CP 1 . 

This, coupled with the interpretation of Laplace transform as a cok- 
ernel, shows that over the open set C \ P the connection of the Nahm 
transform is mapped to the enaction of the minimal Laplace transform. 

We also need to show that the minimal extension over the singulari- 
ties of the meromorphic bundle with connection associated to (E, V) is 
isomorphic to M min . Since they are equal over the open set C \ P and 
by unicity up to isomorphism of the minimal extension of a meromorphic 
bundle with connection (Lemma 13. 5p . it is enough for this to prove: 

Proposition 5-4- - - The Laplace transform of the minimal extension 
of the meromorphic bundle with connection associated to a stable holo- 
morphic connection of degree is again a minimal extension in all regular 
singularities. 

It remains to compare the parabolic structures of the transformed ob- 
jects: 

Proposition 5.5. - - The parabolic structure of(E,V) is mapped under 
this correspondence into the one defined in Subsection \4-l\ 
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6. Proof of the propositions 
6.1. Proposition I5TTI — Consider the double complex 

(14) L 2 ^ * 1 ® E) — L 2 ^ 1 ® E) 



F) 



E 



E 



L 2 (E) V? > L 2 ^ 1 ' ® E) 



E 



We use the convention that whenever L 2 is written at a particular place 
of a diagram, it is meant to be the intersection of the domains of the 
operators corresponding to all arrows that point out from that place. 
It is sufficient to show two statements: 

Lemma 6.1. - - For all £ ^ P the vertical arrows in are sheaf 

resolutions. 

Lemma 6.2. - - The first cohomology of the simple complex associated 
to g is equal to L 2 H\D^. 

Indeed, Lemma 16.11 then implies that the first hypercohomology of 

E — ► F is isomorphic to the first cohomology of the simple complex 
associated to f)14p . and Lemma [6.21 allows to deduce isomorphism of the 
fibers. 

Proposition 3.5 of [S] gives the holomorphic structure of E: on the 
open set C \ P, it is the quotient in L 2 -cohomology of the trivial holo- 
morphic structure relative to CP of ttIE. On the other hand, we de- 
fined the holomorphic structure on the bundle of first hypercohomologies 

H (E — > F) as the quotient of the trivial holomorphic structure on F 
relative to CP . This yields equality of the holomorphic structures away 
from singularities. 

Finally, in order to prove that the meromorphic extensions agree, it 
is sufficient to show that the L 2 -norms of harmonic 1-forms whose limit 
as £ — > & (respectively £ — > oo) is a vector of the space tP(£ F), 
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is of moderate growth. Indeed, in Section [T] the holomorphic extension 
of the Nahm transformed bundle E to the singularities is defined by the 
condition that the L 2 -norms of harmonic representatives be bounded; 
hence, meromorphic sections near a singular point are exactly the ones 
having at most polynomial growth. We only treat the case of a singularity 
at finite distance £j, the case of infinity being analogous. In Section 4.6 
of [8], we constructed explicitly a holomorphic family of asymptotically 
harmonic 1-forms <r(£) in £, i.e. such that the L 2 -norm of A^a(^) is 
negligible compared to the L 2 -norm of cx(£) (their quotient converges to 
as £ — > £/), and such that in a neighborhood of £j they match up to give 
a holomorphic local section for the holomorphic structure of the Higgs 
bundle associated to E. We give an outline of that construction. Call 
(S,9) the Higgs bundle associated to (E, V), and set D'l = d £ + (9 — 
£dx/2). Define the spectral points corresponding to £ as the set of all 
x G C such that det(9(x) — £dx/2) = 0. Some of these points converge 
to infinity asymptotically to constant multiples of (£ — as £ — > £j, 
others remain bounded. Denote by x( r ) the standard Gaussian function 
on the plane as a function of the radius, cut-off smoothly outside the disk 
of radius r > 1 so that it is supported on the disk of radius 2. Let {cr£°} 
be a holomorphic trivialization of £ near infinity such that the Higgs field 
has diagonal polar part, and choose a sufficiently small Eq > 0. Define 
the .E-valued (1, 0)-form on CP 1 for every £ close to by the formula 

z)dz = xieo'lC ~ 61 - q k {0))<dz; 

it is supported on a disk of radius 2e |£ — £z| _1 centered at the spec- 
tral point There exists an E'-valued (0, l)-form t l k (£ t1 z)dz such 
that D'^(v l k (^z)dz + t l k (£,z)dz) = for all f. We define o{(£,z) as 
the harmonic representative of this cohomology class. The family in 
£ of the sections v l k (£, z)dz + t l k (£,z)dz is asymptotically harmonic, so 
that the L 2 -norm on C of <xj%(£, z) is asymptotically the same as that of 
v l k (£, z)dz + t l k (^,z)dz. These latter are very close to the L 2 -norms of 
Gaussian functions normalized polynomially and of at most polynomial 
height with respect to |£ — and is therefore bounded from above by 
a polynomial in |£ — 
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The situation for the holomorphic structure d E is similar: individu- 
ally the fibers £^ and E% are isomorphic, only the holomorphic struc- 
tures are different. If in the definition of v l k (£, z)dz we replace the 3 s - 
holomorphic section cr£° around infinity by the c^-holomorphic section 
r£° and we define t l k (^,z)dz by the same formula as above, then the 1- 
forms v l k (£, z)dz + t l k (£, z)dz are still asymptotically harmonic, but their 
cohomology classes form a <9 B -holomorphic section in £, including in the 
point fa. The same argument as above then shows that the growth of the 
L 2 -norm of these sections is at most polynomial. This finishes the proof 
of the proposition, up to lemmata 16.11 and 16.11 

Proof of Lemma 16'. il — This is analogous to Lemma 4.12 of [5j, where 
the same statement is proved for Higgs bundles. As the problem is local, 
and away from singularities all spaces involved are usual L 2 -spaces (so 
exactness is guaranteed by usual L 2 -theory), we focus on a neighborhood 
of a singular point that we may suppose to be a disk. 

Let us first treat the column on the left, near a regular singular point 
p = Pj. Fix a holomorphic local trivialization ei, . . . e r of E in which 
the connection can be written V = d + A^dz/(z — pj) up to holomorphic 
terms, where Aj is the matrix in (CD). In all what follows, we will omit 
the index j of the singularity. Let e = ^k^k be a local L 2 section of E 
in the kernel of d E : this means that the (fk are meromorphic functions. 
Recall that the L 2 condition is measured with respect to the metric h, 
and this latter has asymptotic behavior bounded with diag(\z — p\ 2 ^ k ), 
where < p k < 1 for rj < k, and (3k = otherwise. Hence the condition 
e G L 2 only implies that the f> k have at most a simple pole in p for r\, < k. 
Let us write their Laurent-series: 

¥k{z) = ipk-i — h ¥k,o + fk,i( z ~Pj) + ■■■ 

Z-Pj 

where (pk,-i vanishes for k < rj. By assumption, we also have Vge G L 2 . 
By the local form of V in the trivialization ei, . . .e r , the coefficient of 
e k dz for rj < k in V^e is 

^ p J i=i 
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where the hi are holomorphic functions. Plugging the Laurent-expansion 
into this yields 

^ k ^ (z — p) 2 \z — ' 

where O(-) denotes terms with at most a simple pole, depending on <pi )S , 
fii and hi. Such a 1-form is in L 2 if and only if (/i^ — l)^*.^ = 0. Since 
V is resonance-free, this is equivalent to (fk,-i — 0, in different terms 
holomorphicity of (p k - On the other hand, for k < rj, the coefficient of 
e k dz in V^e is 

ip kjl + O(z-p), 

in particular holomorphic. The sum of finitely many such expressions 
is again holomorphic. This proves that e is in the L 2 -domain of V if 
and only if it is holomorphic, hence the left column is exact in the term 
L 2 (E). 

Let us now study the second term of this column: given a section 
/ = Ylk^k^kdz of L 2 (Q 0,1 <g> E), we would like to show that there exists 
an L 2 section e = J2 k tp^k of E such that V^e G L 2 and B E e = f. As 
G-\ , . . . , c r is a holomorphic trivialization (in particular, d E is diagonal), 
we may suppose that / = <f>k^k for some k. For k < rj, the usual L 2 
Dolbeault lemma gives the result. For rj < k, the section (pk^k is in 
L 2 with respect to h if and only if <f>k\ z — pf k is an L 2 function. By 
admissibility of the parabolic structure in this case we have /3& > 0, so 
the parabolic L 2 Dolbeault lemma (Claim 4.13 of [8]) implies that there 
exists ifk such that d<fk = <fik and (pk\z — p^^ 1 g L 2 ; whence surjectivity 
of d E . This finishes the proof of exactness of the left column. 

All the other statements contained in the lemma (i.e. that the right 
column is also exact in the regular singularities and that both columns are 
exact near infinity) are immediate modifications of the same arguments. 
We leave details to the reader. □ 

Proof of Lemma Iff.M — The corresponding statement for Higgs bundles 
is Proposition 4.7 of [8]. 

As the differential of the simple complex associated to ( JT4l) is D^, 
this is purely a question of domains. Denote by Q the simple complex 
associated to (JT4l) . An element of the degree 1 term Cl of Q is represented 
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by a sum 

f+dz + f lfi dz G L 2 (ft 0,1 <g> £) © L 2 ^ 1 ' ® £?) 

such that Vtf^dz G L 2 ^ 1 - 1 ® £?) and d E f lfi dz G L^O 1 ' 1 <g> Ob- 
viously, one then also has D^(f 0,1 dz + f 1,0 dz) G L 2 (J1 1,1 (g) in other 
words, there exists a tautological injection 

the latter space being the L 2 domain of on 1-forms. Since terms of 
degree of the complexes Q and L 2 (D^) are the same together with 
differentials, this injection induces an injection of degree 1 cohomology 
spaces 

H l (Cz) — ► L 2 H\D^). 

Let us show that this map is surjective too: for this, suppose g = g 0)l dz + 
g x ' Q dz represents a cohomology class in L 2 H 1 (D^); by definition, this 
means that g is in L 2 and in the kernel of D^. We would like to find 
a section / = f 0,1 dz + f 1,0 dz representing the same class, such that we 
have in addition V^f' l dz G L 2 (fi 1 ' 1 ® E) and B E f 1 '°dz G L 2 ^ 1 ' 1 ® £). 
Since this is guaranteed away from singularities by usual L 2 -theory and 
because is an isomorphism near infinity, it is sufficient to focus on a 
neighborhood of a regular singularity. In such a neighborhood, Lemma 
16.11 allows us to find tp G L 2 (E) such that d E ip = g 0,1 dz and G 
L 2 (n lfi ® £7). The local L 2 section 

/ = fo^d* - 0^) + (g^dz - 

obviously satisfies the required conditions. □ 

6.2. Proposition 15.21 — First define a sequence of sub-sheaves of 
Aimin- for m > set F m for the sheaf of sections of M. m in with pole of 
order at most m in all singular points. These sheaves define an exhaustive 
filtration of M. m in '■ 

E = F C F l C F 2 C . . . C M min 

such that d x — £ maps F m into F TO+ i. Notice that by definition F = 
Fi eg) n 1 . Moreover, the quotient sheaves F m+ i/F m are supported in the 
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set of regular singular points P, and the stalk in pj is of dimension r — rj. 
Denote by [d x — £] the map induced by d x — £ on these quotients. 

Lemma 6.3. — For all m > the map 

[&x ~ £] : Fm/ F m -i — > F m+1 / F m 
is an isomorphism of complex vector spaces. 

Proof. — Since twisting by £ does not modify the principal term of d x , 
it is sufficient to show the result for £ = 0. The stalk of F m / F m _i in 
p G P is isomorphic to the image of the residue of V in p (up to the 
1-form dz), and the same thing holds for F m+1 /F m . The action of [d x \ 
after this identification is the matrix Res(V,p) — m ■ Id. Since V is 
resonance-free, this matrix admits no eigenvalue. In different terms, it 
is an isomorphism. □ 

Lemma 6-4- - - The complexes M m in — ^ M m in an d E — ^ F of 
sheaves on CP 1 are quasi-isomorphic. 

Proof. — Clearly, the complexes E — U F and E — ^> Fi are quasi- 
isomorphic. By the previous lemma, for all m > the complexes 
F m ^> F m+ i and F m ~\ > F m are quasi-isomorphic. Since 
■M-min = U m F m , the complex M m in ^> M m in is the inductive limit 
of its sub-complexes F m g > F m +i- The sequence of these latter 
being stationary (up to quasi-isomorphism) for m > 0, we conclude 

that Aimin ^> M-min is quasi-isomorphic to Fo ^ Fl, hence to 
E ^ F. □ 



By the lemma, the hypercohomologies H 1 (F — ^ F) and H 1 (7W r 



Aimin) are isomorphic. On the other hand, the hypercohomology long 
exact sequence gives a decomposition 

H 1 (M m i n ^ Mmin) - COkei (H°(M m in) ^ H%M mm ))® 

^{H\Mmin) ^ H\Mmin)). 

By definition, M m in is H°(M m in), and resonance-freeness at infin- 
ity implies that in a neighborhood of infinity the equality M m in = 
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■M m i n (*{oo}) holds, i.e. locally at infinity Ai m in coincides with the 
meromorphic bundle. In particular, the first cohomology H 1 {M. min ) 
vanishes, and it follows that 

min min 

) ~ coker(M mi „ — — > M min ). 

This gives the fiber-wise statement of the proposition. 

The holomorphic structure induced on the bundle ~R l (E F) by 
taking the quotient of the trivial holomorphic structure of ir^F relative 
to CP 1 is mapped by the above isomorphism to the one induced by the 
trivial C[£]-module structure of M m j n = M min ®c C[£] on the cokernel 
of d x — £. This latter is by definition the holomorphic structure of M min 
on C \ P. 

It remains to match the meromorphic extensions over the singularities. 
For this purpose, we need to study what happens to the isomorphism 
of Lemma 16.31 when £ — > for some G P. For simplicity of the 
arguments, we suppose that P = {0}; the general case can be obtained 
by translating to and superposing meromorphic representatives as 
below with representatives independent of £. Furthermore, we only treat 
the meromorphic extension at 0, the case of oo being analogous. 

Let {rf°, . . . , t^°} be a trivialization of E around infinity in which V 
is of the form ([2]). Since we suppose that P = {0}, this then means 
that in this trivialization we have V = d + Cdzjz up to holomorphic 
terms. In a sufficiently fine covering of CP 1 , the first hypercohomology 
H 1 (£' F) — H 1 (£' F ) admits a free system composed of Cech 
co chains of the form 

(15) [(r^,0,...,0),(...)]eC°(F)®C 1 (E), 

where k G {1, . . . , r}, the only non-zero term of the 0-cochain being r£° 
in the open set containing infinity, and the 1-cochain with values in E is 
chosen so that the total differential of the cochain vanish. Indeed, the hy- 
percohomology classes defined by these cochains are non-vanishing, since 
the equation (d + Cdz/z)f = 1 cannot be solved with / holomorphic 
in a neighborhood of infinity; moreover, these classes are clearly linearly 
independent, because the t£° form a basis. A local holomorphic section 
of the holomorphic bundle E for £ in a neighborhood of G C is by 
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definition a holomorphic local section around whose limit in exists 
and is equal to a linear combination of sections of the form (fl5l) . Simi- 
larly, a local holomorphic section of the bundle of first hypercohomologies 
H 1 (F m F m+ i) is one that extends a holomorphic linear combination 
of sections of the form 

[(^rr,0,...,0), (...)], 

because z m has a pole of order m at infinity. The action of d x on such a 
representative is 

Since d x acts on r£° by C/z and by resonance- freeness, the first coefficient 
of this section has a pole of order exactly m — 1, hence its hypercoho- 
mology class in H 1 (F m _ 1 F m ) is non- vanishing. In other words, d x 
induces an isomorphism 

dx '■ H 1 (F m -A F m+1 ) — > H 1 (F m _ 1 F m ) 

between the stalks in £ = of the corresponding holomorphic sections. 
It follows that the meromorphic extension induced by the holomorphic 
bundle E is obtained as the inductive limit of the image of successive 
iterations of d~ x . On the other hand, we have already seen that d~ x acts 
as £ _1 on the transformed bundle E. By Theorem 2.7 of [6]. E generates 
the Laplace-transformed meromorphic bundle as a C[£ _1 ]-module. We 
conclude equality of the meromorphic extensions. 

6.3. Proposition 15.31 — Proposition 3.5 of [8] states that the trans- 
formed connection V is induced on L 2 -cohomology by taking the quotient 
of d — xd^. The isomorphism of Proposition 15.11 maps it to the connection 
induced by taking the quotient of d — xd^ in hypercohomology. 

6.4. Proposition IBT41 — This is proved in Proposition 4.1 of [5]. For 

the sake of completeness, we give the idea of the proof here. 

Let M be a stable meromorphic bundle of degree 0, and denote by M 
its minimal Laplace transform. If M is not a minimal extension, then it 
admits a sub-module or a quotient module supported in a point. This 
implies the existence of a sub-module or a quotient module of M with 
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no pole at finite distance and with vanishing residue at infinity. The 
parabolic degree of this sub-module (or quotient module) is therefore 0, 
which is a contradiction with stability of M. 

6.5. Proposition I5T51 — This follows from comparing Theorem 1.17 
of [8] with the construction of Subsection 14.11 
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